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We study the attractive and repulsive two-component Fermi gas with spin imbalance in two
dimensions. Using a generalized T -matrix approximation, we examine the thermodynamic properties
of both attractive and repulsive contact interacting Fermi gases. The interaction strength, which
is characterized by the bound state energy Eb = ~2/ma22d in vacuum, can be adjusted through a
Feshbach resonance. We calculate the interaction energy, compressibility and spin susceptibility of
the two branches of the Fermi gas. For the repulsive branch, we also find a critical strength of
interaction a
(c)
2d above which this metastable thermodynamic state becomes unstable. This critical
value depends on the temperature and the spin imbalance (the “magnetization”) of the system.
I. INTRODUCTION
Dimensionality plays an important role in quantum
problems. A well-known example is the absence of
Bose-Einstein condensation in a noninteracting two-
dimensional (2D) Bose gas, due to an enhancement in
the low energy density of states. Beyond this simple
single-particle effect, quantum many-body physics in in-
teracting systems can also be affected by dimensionality
in a more non-trivial manner. For example, interesting
physics of universal scalings and hidden symmetries ap-
pear in two-dimensional quantum gases [1, 2]. Another
area that attracts more attention is the strongly interact-
ing regime of 2D Fermi systems, where the exotic pseudo-
gap phase appears to be significantly enhanced by strong
quantum fluctuations in low dimensions. This pseudo-
gap phase in 2D has been discussed extensively in both
latticed (e.g. cuprates) and continuous (e.g. BEC-BCS
crossover of 2D fermionic superfluidity) systems[3–6].
Atomic Fermi gases in two dimensions are interesting
to study for the above reasons. With the advantages
of easily tuning the interaction strength between neu-
tral atoms with Feshbach resonances[7], ultracold atomic
gases provide an systematic way of studying quantum
problems from the weakly to strongly interacting regime.
Also the adjustable geometry of optical trapping po-
tentials makes it possible to observe the crossover in
dimensionalities[8]. Optical traps with pancake geome-
try serve as containers of (quasi-) two-dimensional gases.
Recently, there have been many experiments on various
properties of 2D Fermi gases in pancake traps. In these
experiments, both the scale invariance[9] and pseudogap
features have been observed[10, 11]. In more recent ex-
periments, studies have been extended to a highly polar-
ized 2D Fermi gas to study the polaron physics[12], where
both the attractive and repulsive polaron have been stud-
ied.
On the theory side, there have been extensive studies
focusing on the spectral functions. For Fermi gases with
equal spin populations, for instance, the spectral function
as computed using a virial expansion exhibits incoherent
pairing effects at temperatures higher than Tc in the non-
degenerate regime[13, 14]. Other general pairing effects
have also been studied[15, 16]. In another scenario of ex-
tremely polarized (i.e., highly spin-imbalanced) 2D Fermi
gases, i.e., the polaron limit, studies on the spectral func-
tions find two distinctive peaks[17–19], corresponding to
the attractive and the repulsive branches of the Fermi
polaron. Besides the spectral function, thermodynamic
quantities are also of great interest. Most studies on ther-
modynamics focus on the superfluid transition of the 2D
BCS-BEC crossover[20–23]. Recently, a Luttinger-Ward
approach has been used to study the equation of state of
the attractive 2D Fermi gas[24]. Another recent work dis-
cusses the spectroscopy and thermodynamic quantities
on the mean-field BCS level of Fermi gases in quasi-two-
dimensions, including the transverse degree of freedom of
the pancake trap[25]. These studies on thermodynamics,
however, all explore the attractive Fermi gas with equal
spin population only.
In this paper we calculate various thermodynamic
quantities of normal Fermi gases in strictly two dimen-
sions, where the possible occupation of higher harmonic
states in the transverse direction of the pancake trap
is completely neglected. We address both the attrac-
tive and repulsive branches, as well as the effect of fi-
nite spin imbalance. Our approach treats the interac-
tion effects beyond the mean-field level by including the
pairing fluctuation from iterating two-particle scattering
processes, i.e, we employ the T -matrix approximation or
the Nozieres-Schmitt-Rink (NSR) approach[26]. While
the thermodynamic quantities of the attractive branch
are given by the conventional T -matrix approach, the
repulsive branch is described by a generalized theory in-
troduced in [27]. We present the evolution of the interac-
tion energy, compressibility, and the spin susceptibility of
both attractive and repulsive branches, as a function of
interaction strength and temperature. We also observe a
thermodynamic instability in the repulsive branch, which
is consistent with experiments and previous calculations
of the spectral function[10, 12, 17, 18]. Our approach is
applicable to systems with a large range of spin imbal-
ance, and hence our work covers a variety of 2D Fermi
gases with two species from equal population to the ex-
tremely polarized case, i.e., the polaron limit.
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2The paper is structured as follows: in section II, we de-
scribe the generalized T -matrix approximation in detail.
We then show our main results for thermodynamic quan-
tities of two-dimensional Fermi gases with equal popula-
tion and with spin imbalance in III A and III B, respec-
tively. Finally, we conclude and discuss our findings in
section IV.
II. GENERAL MODEL
We consider a two-component Fermi gas confined in
two dimensions. Experimentally, this is realized by load-
ing the two species of fermionic atoms (which we label
as spin ↑ and ↓) to an extremely tight trap in the z-
direction with a frequency ωz, where ~ωz  EF , kBT .
EF = pi~2n/m is the Fermi energy given by the two-
dimensional density n of the gas, and T is its tempera-
ture. The system is effectively two-dimensional in this
limit, since the motion in the tight z-direction is frozen
to the lowest harmonic oscillator state.
From now on we set ~ = kB = 1. The full Hamiltonian
of the system is
H =
∑
k,σ
kσc
†
kσckσ +
g
Ω
∑
k,k′,q
c†k′↑c
†
q−k′↓cq−k↓ck↑, (1)
where c†kσ is the creation operator of a fermion with
momentum k and spin index σ =↑, ↓, Ω is the two-
dimensional volume of the gas. k = k
2/2mσ is the ki-
netic energy of the fermions. The interaction is treated
by the zero-range model where the coupling constant g is
momentum-independent. In two dimensions, a two-body
bound state with binding energy Eb ≡ (2mreda22d)−1 al-
ways exists for arbitrary attractive interaction. In this
paper, we only consider the equal mass situation in
which the reduced mass mred = m/2 is half the fermion
mass. The characteristic length scale a2d, often being
referred to as the two-dimensional scattering length, uni-
versally determines the low energy scattering amplitude
f−1(k) = −2 ln(ka2d) + ipi. This relation leads to the
regularization of the two-dimensional zero-range model
as −g−1 = Ω−1∑k(Eb + k2/m)−1. Typically, the in-
teraction strength is parametrized by the dimensionless
quantity η = log(kFa2d), where kF is the Fermi wave
vector of the two dimensional gas which is related to the
total density as n = k2F /2pi.
The explicit expression of the T -matrix in terms of the
regularized interaction parameter reads
T−1(q, ω) =
1
Ω
∑
k
(
γ(q,k)
ω + i0+ − ω(q)− k2/m −
1
g
)
,
(2)
where γ(q,k) = 1−n↑(q/2+k)−n↓(q/2−k); n↑, n↓ are
the Fermi distribution functions for up and down spins,
respectively. This γ factor signifies the Pauli blocking.
ω(q) ≡ q2/4m − µ↑ − µ↓ is the threshold of positive en-
ergy scattering in the two-particle sector. µ↑, µ↓ are the
chemical potentials of the up-spin and down-spin species,
respectively. Later, we also use an alternative notation
where µ↑ ≡ µ+h and µ↑ ≡ µ−h, where h is the effective
“polarization field”, analogous to the Zeeman term for
electrons in a magnetic field.
The two-dimensional interaction parameter η is tun-
able via a Feshbach resonance. The explicit relation of η
to the scattering length in three dimension (3D) is shown
in [28] :
a2d ∼ l0 exp
(
−
√
pi/2l0/as
)
, (3)
where as is the scattering length in 3D, and l0 = ~/
√
mωz
is the harmonic oscillator length in the direction of the
tight trap. As a−1s passes through the resonance from the
BEC to the BCS regime, the 2D interaction parameter η
also varies in a large range of magnitude from negative
to positive.
The method we apply in this work is a generalized
T -matrix approximation, which can describe both the
attractive and repulsive gas within a universal contact
interacting model. This method was first introduced for
3D quantum gases in [27]. The main point is to use dif-
ferent equations of state to address the attractive and
repulsive branches of the gases. The underlying physics
is that despite the attractive interaction in our model,
there is a metastable repulsive branch in which the pos-
sible bound states are not populated. After excluding
the bound state contribution to the thermodynamics, we
get an effective description of the repulsive Fermi gas.
In a general T -matrix approximation, the total density
n can be written as a sum of the free particle contribution
n0 and an interaction part ∆n, i.e., n = n0 + ∆n. Our
generalized theory for the repulsive branch of the gas
further separates the interaction contribution ∆n into
two parts, a scattering part ∆nsc, and a bound state
part ∆nbd. The equations of state for the two branches
are written as
natt(µ, h, T ) = n0 + ∆n
sc + ∆nbd, (4)
nrep(µ, h, T ) = n0 + ∆n
sc, (5)
where n0(µ, h, T ) = Ω
−1∑
k (f(µ+ h, T,k) + f(µ− h, T,k))
is the sum of the Fermi distribution functions for the two
species. All other thermodynamic quantities (pressure,
energy density etc.) can be derived from the above
equation of state using the Gibbs-Duhem relation.
In the T -matrix approximation, the equation of state
only depends on the phase angle and the pole structure of
the T -matrix. The explicit expressions for the scattering
and bound state parts are
∆nsc(µ, h, T ) = − 1
Ω
∑
q
∫ ∞
ω(q)
dω
pi
nB(ω)
∂ζ(q, ω)
∂µ
, (6)
∆nbd(µ, h, T ) = − 1
Ω
∑
q
nB(ωb(q))
∂ωb(q)
∂µ
, (7)
3where nB is the Bose distribution function, ζ(q, ω) =
arg T−1 is the phase angle of the inverse T -matrix (2),
and ωb(q) < ω(q) is the bound-state pole. In vacuum,
ωb(q) = ω(q) − Eb always appears for any interaction
strength and center-of-mass momentum. In the medium,
however, it has been shown that the Fermi statistics
blocks the pairing by the Pauli principle, and the bound
state can be absent in some situations[27, 29]. In our
2D model, when q2/4 > 2µ, the Pauli blocking effect is
not strong enough such that bound states with center-of-
mass momentum q always exist[30].
For the spin-imbalanced Fermi gas, namely µ↑ > µ↓
or h > 0 (here we always choose ↑ as the majority
component, since the two species are symmetric—the
physics are the same for h < 0), we have another set
of equations for the “magnetization”, i.e., the differ-
ence in densities of the two species M = n↑ − n↓. A
corresponding normalized “polarization” is defined as
m = M/n = (n↑−n↓)/(n↑+n↓) < 1. The m→ 1 limit is
the polaron limit. The equations for the magnetization
read
∆Msc(µ, h, T ) = − 1
Ω
∑
q
∫ ∞
ω(q)
dω
pi
nB(ω)
∂ζ(q, ω)
∂h
, (8)
∆M bd(µ, h, T ) = − 1
Ω
∑
q
nB(ωb(q))
∂ωb(q)
∂h
. (9)
The total magnetization of the 2D gas for the attractive
and repulsive branch is similar to the number equation:
Matt(µ, h, T ) = M0 + ∆M
sc + ∆M bd, (10)
Mrep(µ, h, T ) = M0 + ∆M
sc. (11)
Equations (4)-(11) are the basis of our calculation. For
a given temperature and polarization, we solve the corre-
sponding chemical potential µ and the polarization field
h to further obtain the thermodynamic quantities. In our
paper we limit our parameter space to µ < 0, which is
enforced by either relatively high temperatures or high
polarizations. This limitation comes from a divergence
in number equation for the repulsive branch in the T -
matrix approximation, which can be fixed by considering
a fluctuation in the saddle point position[31].
III. RESULTS FOR THERMODYNAMIC
QUANTITIES
A. Equal-Spin Gases
We first calculate the thermodynamic quantities for
equal-spin Fermi gases at relatively high temperatures,
where µ < 0, h = 0. As discussed in section II, a bound
state always appears for any center-of-mass momentum.
Thus, the repulsive branch is always distinct from the
underlying attractive branch. Similar to the BCS-BEC
crossover in 3D, the attractive branch shows an increas-
ing attraction energy as η = ln(kFa2d) decreases, as
hc
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FIG. 1. The interaction energy for the attractive branch
(red curve) and repulsive branch (blue curve) at a high tem-
perature T = 6TF for a system with equal spin popula-
tion. The end point of the repulsive branch is located at
ηc = ln kF a
c
2d ≈ −0.4.
shown in Fig. (1), where the gas is in the non-degenerate
regime with T = 6TF . This feature has been experi-
mentally observed in rf-spectroscopy measurements[10].
The majority of particles evolve from shallow dimers to
deeper bound diatomic molecules as Eb increases. Even
in the high temperature regime, we see that the inter-
action energy is comparable to the kinetic energy at the
“2D unitarity” η = 0. In 3D, this large attractive inter-
action leads to a high temperature superfluid transition
with a large Tc/TF ratio[4]. In 2D, however, due to a
different Berezinskii-Kosterlitz-Thouless (BKT) mecha-
nism of superfluid transitions, Tc/TF is much lower than
Fermi gases in 3D[24].
Now we focus on the repulsive branch of the 2D Fermi
gas. The repulsive branch is a metastable state with finite
lifetime, which is determined by the three-body collision
rate. In the high temperature regime, the three-body
recombination is substantially suppressed and hence the
repulsive branch may persist in a well-defined thermody-
namic state. We observe an increasing repulsive energy
as η increases in Fig. (1), which is consistent with the
observations in [10]. For a large repulsive interaction,
the upper branch is unstable, similar to the 3D Fermi
gas[27, 29]. From spectroscopic observations, this is re-
vealed by a broadening of the atomic peak, which indi-
cates a shorter lifetime of the repulsive branch when the
repulsion increases[12, 17, 18]. From our thermodynamic
perspective, the repulsive branch terminates sharply at
a critical interaction strength ηc = lnkFa
c
2d, as shown in
Fig. (1) by the solid dot, above which the upper branch
no longer stays in a well-defined state. The physics of this
instability is explained in the following: when the inter-
action strength varies from the weakly repulsive limit,
a decrease in the compressibility is predicted from per-
turbation theory. The compressibility further decreases
with stronger repulsions, until it reaches zero at a criti-
cal value of ac2d, where the gas becomes unstable. This
can be understood heuristically using a hard-sphere pic-
ture: when the repulsive interaction becomes larger, the
system appears more and more rigid, before it finally
41.
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FIG. 2. Spin susceptibility (upper panel) and compressibil-
ity (lower panel) of the repulsive branch at high temperature
T = 6TF , rescaled by the noninteracting susceptibility χ0 and
compressibility κ0 at the same temperature. As the repul-
sive interaction increases, the system becomes more and more
rigid with lower compressibility value. At ln kF a
c
2d = −0.39,
it becomes “incompressible” such that the upper branch will
collapse if the repulsive interaction is further increased. This
is the corresponding critical point of the stability in the upper
branch. Within the stable region ln kF a2d < −0.4, χ/χ0 is at
most 1.5, indicating the absence of a ferromagnetic transition
at this temperature.
becomes incompressible as the atoms are closely packed.
This mechanism is absolutely different from conventional
mechanical instability, where the compressibility diverges
and the system collapses.
Mathematically, our method relies on finding the so-
lutions for µ and h at different temperatures, polariza-
tions, and interaction parameter η. While for the at-
tractive branch, the solutions of µ and h always exist for
any interaction strength, in the repulsive branch it is not
guaranteed to find these solutions. At certain temper-
ature and interaction strength, there is a maximum of
equation of state n(µ, T ) as a function of µ. The density
maximum corresponds to a point of zero compressibility,
and this point is the instability point if the maximum
gives the solution to the number equation (5).
We plot the compressibility and spin susceptibility of
the repulsive Fermi gas within the stable region η < ηc
in Fig. (2). The results are rescaled by the noninteract-
ing values at the same temperature. As in Fig. (2), we
clearly see the monotonically decreasing compressibility
and increasing spin susceptibility for increasing η. Due to
enhanced fluctuations in the spin sector in 2D, χ is gener-
ally larger than the 3D situation with the same temper-
ature. However, the largest value of χ/χ0 is only around
1.5 within the stable region of the repulsive branch, in-
dicating that a ferromagnetic transition is absent at this
temperature.
Ê
Ê
Ê
Ê
Ê
Ê
Ê
Ê
Ê
Ê
Ê
Ê
Ê
Ê
Ê
Ê
Ê
Ê
Ê
Ê
Ê
m=0 m=0.5 m=0.8
Stable Unstable
-1.5 -1. -0.5 0 0.5
3
4
5
6
lnHkFa2 dL
TêT F
FIG. 3. A stability diagram of the repulsive Fermi gas. The
three different curves correspond to the κ = 0 contour at
different magnetizations m = 0, 0.5, 0.8. To the left of the
curves, the repulsive branch of a two dimensional gas can be
stable, while it has zero compressibility at the boundaries and
collapses to the right. The repulsive branch can have larger
region of stability at higher temperatures or spin imbalances,
all come from the suppression of repulsive interactions in the
system.
B. Spin-Imbalanced Gases
A spin imbalance in the 2D Fermi gases can easily be
included in our approach. Recent experiments have suc-
cessfully created the extremely polarized 2D Fermi gas
in the polaron limit[12]. Later theoretical works on the
repulsive polarons all find the instability in the spec-
troscopy. Here, we determine the stability boundary as a
function of polarization. Our result goes to the polaron
limit for m→ 1.
The difference in spin population is induced by set-
ting the polarization field h 6= 0. The polarization is
adjusted by h and the polaron limit is set by h→∞. In
our current paper we only take the largest polarization
to m = 0.8. This number is also close to the polariza-
tion limit that can be reached in realistic experiments.
For two-component fermions, since the s-wave contact
interaction only appears in the interspecies channel, the
interaction effect is suppressed when the polarization in-
creases. Consequently, the stable region of the repulsive
Fermi gas is pushed further into the stronger repulsive
(large η) region. Fig. (3) shows the stability boundaries
for different polarizations at various temperatures. We
can clearly see that the boundary moves to larger η for
finite polarizations. Also, for higher temperatures, as the
interaction effect is suppressed, the boundary naturally
moves to the stronger repulsive direction. Basically, any
effect that suppresses the repulsive energy will enhance
5the stability of the upper branch of the Fermi gas.
IV. CONCLUSIONS AND DISCUSSIONS
In this paper we discuss the interaction energy, com-
pressibility and spin susceptibility of attractive and re-
pulsive two-dimensional contact-interacting Fermi gases
with spin imbalance. We apply a generalized T -matrix
approximation to calculate the thermodynamics of the
attractive and repulsive branches. The attractive branch
evolves continuously from the BCS limit to the BEC
limit with increasing interaction strength. For the repul-
sive branch, on the other hand, an instability is observed
where the compressibility vanishes. This thermodynamic
instability is consistent with recent experiments and the-
oretical calculations of the spectral functions[10, 12, 17,
18], and we interpret it heuristically by a hard sphere pic-
ture. Our work also provides a universal theory to study
the thermodynamics of the 2D Fermi gas with any spin
imbalance, from the equal-population case to the polaron
limit.
The approach we apply in this paper is limited to a
relatively high temperature regime where the chemical
potential is negative. This is due to the divergence of the
number equation at positive chemical potentials. This
only happens for dimensions lower than three. This di-
vergence can be fixed by introducing a fluctuation of the
saddle point position[31], which is beyond the non-self-
consistent or the self-consistent T -matrix approximation,
and is saved for future studies. Also a straightforward ex-
tension of our work, the polaron limit, i.e., close to unity
magnetization m = 1 at low temperatures is also an open
question.
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